Abstract. Various properties of the (continuous) Cesàro operator C, acting on Banach and Fréchet spaces of continuous functions and L p -spaces, are investigated. For instance, the spectrum and point spectrum of C are completely determined and a study of certain dynamics of C is undertaken (eg. hyperand supercyclicity, chaotic behaviour). In addition, the mean (and uniform mean) ergodic nature of C acting in the various spaces is identied.
Introduction
Let f be a C-valued, locally integrable function dened on R + := [0, ∞). Then the Cesàro average Cf of f is the function dened by The spectra and point spectra of C are also known; see [11] , [12] , [21] , [22] , for example, and the references therein. Two further Banach spaces on which C is naturally dened are the spaces of continuous functions C ([0, 1] ) and C l ([0, ∞]), both equipped with the sup-norm; here C l ([0, ∞] ) is the space of all C-valued, continuous functions f on R + for which f (∞) := lim x→inf ty f (x) exists in C. In both spaces ∥C∥ op = 1. The spectrum and point spectrum of C acting in these spaces are completely determined in Propositions 2.1 and 2.2.
The dynamics of C have also been investigated in recent years. Recall that a bounded linear operator T , dened on a separable Banach space X (or, more gen-1 < p < ∞, is hypercyclic and chaotic, [23] , and that it is not (weakly) supercyclic in L 2 (R + ), [17] . On the other hand, C is not supercyclic (hence, not hypercyclic) on C([0, 1]), [23] . We continue an investigation of such properties. For instance, in Proposition 2.7 it is shown that C is not supercyclic on C l ([0, ∞]).
There are also two natural types of Fréchet spaces in which the Cesàro operator C acts continuously. One is the Fréchet space C(R + ) consisting of all Cvalued, continuous functions on R + endowed with the topology of uniform convergence on the compact subsets of R + . In this space the spectrum of C is completely determined and it is shown that C is not supercyclic; see Theorem 3.1. The other class of Fréchet spaces consists of the reexive spaces L p loc (R + ), 1 < p < ∞, consisting of all Cvalued, measurable functions on R + which are p-th power integrable on each set [0, j], for j ∈ N. In these spaces the spectrum of C is also determined and it is shown that C is chaotic (cf. Theorem 4.2).
The main point of departure of this paper is actually to investigate (various) mean ergodic properties of C. Let X be a lcHs and Γ X be a system of continuous seminorms determining the topology of X. The strong operator topology τ s in the space L(X) of all continuous linear operators from X into itself (from X into another lcHs Y we write L(X, Y )) is determined by the family of seminorms q x (S) := q(Sx), for S ∈ L(X), for each x ∈ X and q ∈ Γ X , in which case we write L s (X). Denote by B(X) the collection of all bounded subsets of X. The topology τ b of uniform convergence on bounded sets is dened in L(X) via the seminorms q B (S) := sup x∈B q(Sx), for S ∈ L(X), for each B ∈ B(X) and q ∈ Γ X ; in this case we write L b (X). For X a Banach space, τ b is the operator norm topology in L(X). If Γ X is countable and X is complete, then X is called a Fréchet space.
The identity operator on a lcHs X is denoted by I. Finally, the dual operator of
is the topological dual space of X. As a general reference for lcHs' see [25] .
The relevant classes of operators are as follows. We say that T ∈ L(X), with X a lcHs, is power bounded if {T n } ∞ n=1 is an equicontinuous subset of L(X). For X a Banach space, this means precisely that sup n∈N ∥T n ∥ op < ∞. Given T ∈ L(X), we can consider its sequence of averages
called the Cesàro means of T . Then T is called mean ergodic (resp., uniformly mean ergodic
whenever T is mean ergodic. Hence, a mean ergodic operator acting in a Banach space always has its spectrum lying in {z ∈ C : |z| ≤ 1}, [14, p.709, Lemma 1] . The study of mean ergodic operators, initiated by J. von Neumann, N. Dunford, F. Riesz and others, began in the 1930's and has continued ever since; see [20] , [30, Ch . VIII] and the references therein. In Theorem 2.3 it is shown that C acting on the Banach space C([0, 1]) is power bounded and mean ergodic but, fails to be uniformly mean ergodic, whereas in the Banach space C l ([0, ∞]) the Cesàro operator C is power bounded but, not even mean ergodic (cf. Theorem 2.6). Concerning the above mentioned classes of Fréchet spaces in which C acts continuously, it is shown in Theorem 3.1 that C is both power bounded and mean ergodic in C(R + ) but, not uniformly mean ergodic. Finally, in the Fréchet spaces L p loc (R + ), 1 < p < ∞, it turns out that C is neither power bounded nor mean ergodic (cf. Theorem 4.2). For recent results on mean ergodic operators in lcHs' we refer to [4] , [5] , [6] , [7] , [28] , [29] , for example, and the references therein.
For a Fréchet space X and T ∈ L(X), the resolvent set ρ(T ) of T consists of
is called the spectrum of T . The point spectrum σ pt (T ) consists of all λ ∈ C such that (λI − T ) is not injective. If we need to stress the space X, then we also write σ(T ; X), σ pt (T ; X) and ρ(T ; X). Unlike for Banach spaces, it may happen that ρ(T ) = ∅. For example, let ω = C N be the Fréchet space equipped with the lc topology determined via the seminorms {q n } ∞ n=1 , where q n (x) := max 1≤j≤n |x j |,
, for x ∈ ω, belongs to L(ω) and, for every λ ∈ C, the element (1, λ, λ 2 , λ 3 , . . .) ∈ ω is an eigenvector corresponding to λ. Or, let A = {α n : n ∈ N} be any countable
Then σ(S) = σ pt (S) = A and hence, σ(S) need not even be a closed subset of C.
For ease of reading, some technical (but useful) results which are needed in relation to the spectrum and mean ergodicity of continuous linear operators acting in the class of Fréchet spaces called quojections (to which C(R + ) and L p loc (R + ), 1 < p < ∞, belong) have been formulated in an Appendix at the end of the paper.
The Cesàro operator on Banach spaces of continuous functions
We consider here the continuous Cesàro operator C given in (1.1) when acting on the Banach spaces
In order to make the denition of the operator C consistent, we set Cf (0) :
, then also lim x→∞ Cf (x) exists and equals f (∞) := lim x→∞ f (x), i.e., Cf (∞) = f (∞). Then the linear maps C :
are well dened with ∥C∥ op = 1 and satisfy C1 = 1, where 1 is the constant function equal to 1. Moreover, the null space Ker(I − C) = span{1}. Indeed, every function f satisfying Cf = f must be continuously dierentiable on (0, 1) or (0, ∞) via (1.1); apply the quotient rule to deduce from (1.1) and
We begin by identifying the spectrum and point spectrum of the Cesàro operator C on the Banach spaces
and
Proof. It is routine to check that C is injective on C([0, 1]). Also, C is not surjective (the range of C contains only continuously dierentiable functions on (0, 1]).
is a bounded operator on L ∞ ([0, 1]) with the property that ξI + ξ 2 P ξ is the inverse of (λI −C) on L ∞ ([0, 1]); see [11] and the comments on p.29 of [21] . By the dominated convergence theorem applied to calculating
Proof.
The same argument given in the proof of Proposition 2.
and is a solution of the 1-st order Euler dierential equation λxy ′ (x) + (λ − 1)y(x) = 0. But, every solution of this ODE has the form f (x) = βx
Now we prove that
For this we recall that D. Boyd proved the following results, [11, Theorem 1]:
To show that
we rst observe, via the dominated convergence theorem (as applied in the proof of Proposition 2.1), that if f is bounded and continuous on R + , then also P ξ f , for Re(ξ) < 1, and Q ξ f , for Re(ξ) > 1, are bounded and continuous functions on R + . So, the proof of (2.1) will follow if we can show, for each
is arbitrary, it follows that lim x→∞ P ξ f (x) exists and is equal to
is arbitrary, it follows that lim x→∞ Q ξ f (x) exists and is equal to
We will also require the fact that 
The mean ergodicity of C :
is essentially due to Galaz Fontes and Solís, [15] . Proof. Since ∥C∥ op = 1 and C n 1 = 1 for each n ∈ N, it follows that ∥C n ∥ op = 1 for each n ∈ N. Hence, C is power bounded; this also implies immediately that C cannot be hypercyclic. By [15, Theorem 3] 
. This implies that the operator sequence of iterates {C n } ∞ n=1 converges to the projection P :
is uniformly mean ergodic. By [20, 2.2, Theorem 2.7], the point 1 cannot be a limit point of the spectrum of C. This contradicts Proposition 2.1.
It is of some interest to determine explicitly the closure
, and to give a necessary condition which ensures that
By Weierstrass' theorem there exists a sequence of polynomials
and k ∈ N, lies in the left-side of (2.2). Since also Q k → g uniformly on [0, 1], we have (via (2.2)) that g ∈ span{x n : n ∈ N} and the result is proved.
( 0, 1]) ). On the other hand, for every ε ∈ (0, 1/2), we have
. Then a result of M. Lin [24] yields that C is not uniformly mean ergodic.
Theorem 2.6. The Cesàro operator C :
is power bounded (hence, not hypercyclic) and not mean ergodic. Moreover,
Proof. For each n ∈ N, we have ∥C n ∥ op = 1 and so C is power bounded. In particular, C is then not hypercyclic. We rst prove the identity (2.3). Clearly,
Finally, we show that the power bounded operator C is not mean ergodic in . However, the proof given there is incorrect as it is based on the claim that σ pt (C ′ ) = ∅, which is not the case. Indeed, the Dirac point measure δ 0 induces the element of
This result was also proved correctly in [16, Prop. 16 ].
Proposition 2.7. Neither of the two Cesàro operators C :
Proof. Proceeding by contradiction, suppose that there exists a supercyclic vector
The proof for C :
is similar. It suces to replace the continuous function f used there (i.e.,
The Cesàro operator on the Fréchet space C(R + )
The lctopology of the Fréchet space C(R + ) (see 1) is generated by the increasing sequence of seminorms 
and j ∈ N. Moreover, we have the projective limit C(R + ) = proj j∈N (C([0, j] ), Q j,j+1 ). Observe that all of the operators Q j,j+1 and Q j , for j ∈ N, are surjective.
We investigate the Cesàro operator C :
the Banach space operator dened by the same formulae but, now for f ∈ C([0, j]), j ∈ N. It is routine to check that C j Q j = Q j C and Q j,j+1 C j+1 = C j Q j,j+1 for every j ∈ N. The continuity of C on C(R + ) is immediate from the inequalities q j (Cf ) ≤ q j (f ), for f ∈ C(R + ) and j ∈ N. For each j ∈ N, dene T j :
]). The linear operator T j is an isometry with inverse given by T −1 j h(x) := h(jx), for x ∈ [0, 1] and h ∈ C([0, j]). Moreover,
T j C 1 = C j T j , for each j ∈ N. To see this, x f ∈ C([0, 1]) and x ∈ [0, j]. Since (T j C 1 f )(0) = (C j T j f )(0) = f (0) we may assume that x ∈ (0, j]. Then (C j T j f )(x) = 1 x ∫ x 0 (T j f )(t) dt = 1 x ∫ x 0 f (t/j) dt = 1 x/j ∫ x/j 0 f (s) ds = (C 1 f )(x/j) = (T j C 1 )f (x).
It follows from T
are isometries, we can conclude that ∥C n j ∥ op = ∥C n 1 ∥ op = 1, for each j, n ∈ N, and that both
4) for each j ∈ N. So, for each j ∈ N, the operator C j is power bounded. Moreover, the identities (
j , for j, n ∈ N, together with Theorem 2.3 and Proposition 2.7 imply, for each j ∈ N, that C j is mean ergodic but, not uniformly mean ergodic and not supercyclic (hence, not hypercyclic).
Theorem 3.1. The Cesàro operator C : C(R + ) → C(R + ) is power bounded and mean ergodic but, not uniformly mean ergodic and not supercyclic (hence, not hypercyclic). Moreover,
Proof. All Observe that
By the properties mentioned in the previous two sentences it follows, with g : ([0, 1] ). This contradicts Proposition 2.7. So, C is not supercyclic in C(R + ).
Concerning the spectra, by (5.2) of Lemma 5.1 (in the Appendix) and Proposition 2.1 we have via (3.3) that
On the other hand, for every λ
, when dened by the same formula for all x ∈ R + , belongs to C(R + ) and satises Cf λ = λf λ . So, λ ∈ σ pt (C; C(R + )) and we have
Since the range C(C(R + )) ⊆ C 1 (R + ) with C 1 (R + ) a proper subspace of C(R + ), we see that C is not surjective and so 0 ∈ σ(C; C(R + )). So, we also have via Proposition 2.1 that
By (5.2) of Lemma 5.1 (in the Appendix) and (3.4), (3.6), it follows that
Combined with (3.5) this yields that
Finally, by (5.3) of Lemma 5.1 (in the Appendix), we have
Thus, from Proposition 2.1 it follows that
The Cesàro operator on the Fréchet space L
is the Fréchet space of all C-valued, measurable functions f on R + such that
endowed with the lc-topology generated by the increasing sequence of seminorms
Observe that the maps Q j and Q j,j+1 are
for each x > 0. For each j ∈ N, denote by C j the operator dened in the same way on the Banach space L p ([0, j]). By Hardy's inequality, [19, p.240] , the linear operators C and C j , j ∈ N, are continuous. Moreover, it is routine to check that 0, 1]) . Then the linear operator T j is a bijection with norm
In a similar way it follows from C n
is not power bounded and not mean ergodic. On the other hand, it is hypercyclic, chaotic and satises
The statements about the spectrum are due to G.M. Leibowitz, [21] ; see also [22, ([0, 1] ) and so, it is not power bounded. Moreover, C cannot be mean ergodic because the spectrum of a mean ergodic operator is contained in the closed unit disc; see Section 1.
is not power bounded and not mean ergodic but, it is hypercyclic, chaotic and satises
Proof. All the assumptions of Lemmas 5.1 and 5.4 (in the Appendix) are satised we can conclude that also C : L Moreover,
Proof. It follows from (5.1) that
for all j ∈ N and λ ∈ C, where I j denotes the identity map on X j . Fix any λ ∈ ∩ ∞ j=1 ρ(S j ). If (λI − S)x = 0 for some x ∈ X, then by (5.4) we have (λI j − S j )Q j x = Q j (λI − S)x = 0 for all j ∈ N. It follows that Q j x = 0 for all j ∈ N. This implies that x = 0 as x ∈ X = proj j∈N (X j , Q j,j+1 ). The proof of the surjectivity of (λI − S) follows as in the last part of the proof (cf. p.154) of Theorem 4.1 of [6] via (5.4) and the fact that (λI j − S j ) is bijective for all j ∈ N. As X is a Fréchet space, we can conclude that (λI − S) ∈ L(X) and so λ ∈ ρ(S). This establishes that σ(S) ⊆ ∪ ∞ j=1 σ(S j ). To verify the second containment in (5.2) we rst observe that if µ ∈ ρ(S),
for all j ∈ N; this follows routinely from (5.4) and the fact that each operator
. This establishes the second containment in (5.2). Thereby (5.2) has been proved.
To
Suppose that x ∈ X satises (λI − S)x = 0 in which case (5.4) implies that (λI j − S j )Q j x = 0 for every j ∈ N. Hence, Q j x = 0 for every j ∈ N and so x = 0. This shows that (λI − S) is injective and so λ ̸ ∈ σ pt (S), i.e., λ ∈ (σ pt (S)) c . Thereby (5.3) is established.
A Fréchet space X is always a projective limit of continuous linear operators R j : X j+1 → X j , for j ∈ N, with each X j a Banach space. If X j and R j can be chosen such that each R j is surjective and X is isomorphic to the projective limit proj j∈N (X j , R j ), then X is called a quojection, [ Suppose that X = proj j∈N (X j , Q j,j+1 ), with X j a Banach space (having norm ∥ ∥ j ) and linking maps Q j,j+1 ∈ L(X j+1 , X j ) which are surjective for all j ∈ N, and suppose, for each j, n ∈ N, that there exists 5) where Q j ∈ L(X, X j ), j ∈ N, denotes the canonical projection of X onto X j (i.e., Q j,j+1 • Q j+1 = Q j ). Then the following statements are equivalent.
for all j ∈ N and x ∈ X, via the continuity of Q j and (5.5). In fact, the weaker
for all n ∈ N. Passing to the limit for n → ∞, it follows that 0 = Q j S(x − x ′ ), i.e., Q j Sx = Q j Sx ′ . Clearly, S (j) is linear as both Q j and S are linear. Finally, since
with X j a Banach space, it follows from the Uniform Boundedness Principle that S (j) is continuous and hence, S
As noted above, X is necessarily a quojection and so there exists B ∈ B(X) such that U j ⊆ Q j (B), [13, Proposition 1] , where U j is the closed unit ball of X j . So, by (5.5) we have
) and set Sx := (S (j) x j ) j . Then Sx ∈ X. Indeed, Q j x = x j for all j ∈ N and so, via (5.5), we have
for all j ∈ N, i.e., Sx ∈ X. Clearly, the linearity of the S (j) 's imply the linearity of the map S : x → Sx, for x ∈ X. Moreover, the continuity of S is a consequence of X = proj j∈N (X j , Q j,j+1 ). Lemma 5.4. Let X = proj j∈N (X j , Q j.j+1 ) be a Fréchet space and operators S ∈ L(X) and S j ∈ L(X j ), for j ∈ N, be given which satisfy the assumptions of Lemma 5.1 (with Q j ∈ L(X, X j ), j ∈ N, denoting the canonical projection of X onto X j and ∥ ∥ j being the norm in the Banach space X j ).
(i) S ∈ L(X) is power bounded if and only if each S j ∈ L(X j ), j ∈ N, is power bounded. Proof. Let {q j } ∞ j=1 ⊆ Γ X be the fundamental sequence of seminorms generating the lc-topology of X as given in the proof of Lemma 5.2.
(i) Suppose that each S j ∈ L(X j ), j ∈ N, is power bounded, i.e., there exists M j > 0 such that ∥S n j u∥ j ≤ M j ∥u∥ j , u ∈ X j , n ∈ N. It follows from (5.1) that S n j Q j = Q j S n for all j, n ∈ N. Fix j ∈ N. Then, for each n ∈ N and x ∈ X we have q j (S n x) = ∥Q j S n x∥ j = ∥S n j Q j x∥ j ≤ M j ∥Q j x∥ j = M j q j (x). Since {q j } ∞ j=1 generate the lc-topology of the Fréchet space X, it follows that {S n } ∞ n=1 ⊆ L(X) is equicontinuous, i.e., S is power bounded. Conversely, suppose that S is power bounded. Fix j ∈ N and let U j be the closed unit ball of X j . Since X is a quojection, there exists B ∈ B(X) with U j ⊆ Q j (B). Moreover, the power boundedness of S implies that C := ∪ n∈N S n (B) ∈ B(X) and hence, there exists M > 0 such that q j (z) ≤ M for every z ∈ C. Let u ∈ U j . Then u = Q j x for some x ∈ B and so
for every n ∈ N. This implies that the operator norms satisfy ∥S n j ∥ op ≤ M , for n ∈ N. Accordingly, S j ∈ L(X j ) is power bounded.
(ii) For each n ∈ N deneS n := S [n] ∈ L(X) andS 
